Abstract. By using some NCP functions, we reformulate the extended linear complementarity problem as a nonsmooth equation. Then we propose a self-adaptive trust region algorithm for solving this nonsmooth equation. The novelty of this method is that the trust region radius is controlled by the objective function value which can be adjusted automatically according to the algorithm. The global convergence is obtained under mild conditions and the local superlinear convergence rate is also established under strict complementarity conditions.
Introduction
The extended linear complementarity problem (XLCP) introduced by Mangasarian and Pang [19] is to find a pair of vectors x and y in Ê n such that (1) M x − N y ∈ P, x 0, y 0, x, y = 0, where M and N are two real matrices of order m × n, P is a polyhedral set in Ê m and ·, · denotes the usual inner product. In the special case when m = n and P is a singleton, XLCP reduces to the horizontal linear complementarity which has been a subject of extensive research in recent years [2] , [11] , [13] , [25] , [28] . If one further assumes that N is the identity matrix, then the classical linear complementarity problem [5] is obtained.
Many researchers have studied the XLCP. For example, Mangasarian and Pang [19] established a number of properties of XLCP and the following quadratic bilinear program (BLP): (2) min x, y such that M x − Ny ∈ P, x 0, y 0.
It was shown that if the matrix M N T is copositive on the dual of the recession cone of the set P, then every Kuhn-Tucker point of (2) is a solution of XLCP. A further study of XLCP and the associated BLP was undertaken by Gowda [12] . Recently, Andreani, Martínez [1] and Solodov [26] considered reformulating the XLCP as the unconstrained or nonnegative constrained optimization problem, and then gave some sufficient conditions for every stationary point of the optimization problem to be a solution of XLCP. More recently, Zhang and Xiu [29] considered the error bound result. We note that all these researchers concentrate on the theoretical study while there are few algorithms available. The aim of this paper is to propose a solution method for the XLCP. For convenience, we assume m = n, and the polyhedral set P in Ê n appearing in the statement of XLCP (1) is presented as
where A is an n × n real matrix and h ∈ Ê n . For this representation, the recession cone of the set P is the set
and its dual is
where A T denotes the transpose of the matrix A. Finally, we recall that a square matrix Q is said to be copositive on a cone K if Qv, v 0 for all v ∈ K. Throughout this paper, we assume that the feasible set of XLCP is nonempty:
Relying on the discussion in [26] and using some NCP function (a function ϕ : [9] , [10] , [17] for example), we know that solving XLCP (1) is equivalent to solving the system of nonlinear equation
where Φ(x, y) = (ϕ(x 1 , y 1 ), ϕ(x 2 , y 2 ), . . . , ϕ(x n , y n ))
T ∈ Ê n with ϕ + (a) = max(−a, 0) for any a ∈ Ê. For convenience, we rewrite w = (x
T and accordingly we denote Φ(w) = Φ(x, y, z). Then solving the XLCP is equivalent to solving the minimization problem
with the objective function value zero.
The trust region method is one of the most important methods for problem (4) arising in some important mathematical problems such as nonlinear complementarity and variational inequalities problems, see [4] , [15] , [16] , [21] , [27] for example. In trust region methods, the initial trust region radius plays an important role since it determines the direction and stepsize of the current iteration. However, in the traditional trust region methods, the initial radius is given randomly which effects the efficiency of the algorithm dramatically. So many self-adaptive trust region methods (for unconstrained optimization) were proposed in recent years [8] , [14] , [24] , [30] . The main idea of these self-adaptive trust region methods is that the initial trust region radius is controlled by the gradient of the current point. Numerical tests showed that the self-adaptive method is encouraging.
Motivated by the idea of [8] , [14] , [24] , [30] , in this paper we propose a selfadaptive trust region method for problem (4) arising in the XLCP. In our method, the trust radius is controlled by the objective function value which can be adjusted automatically according to the algorithm. The global convergence of the algorithm is obtained under certain conditions and the local superlinear convergence rate is also obtained under the strict complementarity assumptions.
The paper is organized as follows: In Section 2, we give some basic preliminaries. In Section 3, we describe the algorithm model and prove its global convergence. The local superlinear convergence rate is proved in Section 4. Numerical tests are reported in Section 5 and the conclusion is given in Section 6.
Some preliminaries
Let G : Ê n → Ê n be locally Lipschitz continuous, according to Rademacher's theorem, G is differentiable almost everywhere. Let D G be the set where G is differentiable, the B-differential of G at x ∈ Ê n is defined by
The generalized Jacobian of G at x in the sense of Clarke [3] is defined by
Furthermore, we write
T for the C-subdifferential of G at x, where the right-hand side denotes a set of matrices whose ith column can be any element from the generalized gradient of
Similar to the technique of proof of Facchinei and Soares [7] , Qi [22] and Qi and Sun [23] , see also Kanzow and Pieper [18] , we can obtain the following semismooth properties.
Lemma 2.1. Assume that {w k } is a convergent sequence with a limit point w ⋆ .
Then the function Φ defined by (3) is semismooth, which means
where (ξ, ζ) is any vector satisfying (ξ, ζ) 1. The generalized gradient of the function ϕ + at a point a is equal to
As a consequence of Lemma 2.2 we obtain the following result.
has the form
and
In what follows we give conditions that guarantee the stationary point of (4) to be a solution of the XLCP (1). The proof can be found in [26] . 
Algorithm model and its global convergence
In this section we state our algorithm for solving the XLCP and prove its global convergence.
For a given iteration point w k we will solve the following trust region subproblem:
where H k ∈ ∂ C Φ(w k ) and ∆ k > 0 is the trust region radius. Let d k be a solution of problem (5). We denote
and compute r k = Ared k /Pred k .
Algorithm 3.1.
Step 0. Given
Step 1. If Φ(w k ) = 0 or ∇Ψ(w k ) = 0, stop.
Step 2.
and solve the following trust region subproblem:
Denote the solution of (6) 
The kth iteration is called successful when r k η, otherwise, the kth iteration is called unsuccessful. The following result can be found in Powell [20] .
Lemma 3.1. Let d k be computed by (6) . Then the inequality
Lemma 3.2. Let {w k } be a sequence generated by Algorithm 3.1 and let {w k } K be a subsequence converging to w ⋆ . Assume there exists a constant µ > 0
P r o o f . Similar to the technique of proof in [16] or [30] .
Lemma 3.2 shows that Algorithm 3.1 is well-defined. In what follows we prove our main convergence result. P r o o f . We assume that {w k } K → w ⋆ . Since w k+1 = w k for all unsuccessful iterations k and since there are infinitely many successful iterations by Lemma 3.2, we can assume without loss of generality that all iterations k ∈ K are successful. If Φ(w ⋆ ) = 0, the conclusion is proved. Otherwise, there exists a positive constant δ 0 such that Φ(w k ) > δ 0 for all k ∈ K. Suppose that ∇Ψ(w ⋆ ) = 0, then by the upper semicontinuity of the generalized Jacobian there exist two positive constants δ 1 , δ 2 such that ∇Ψ(w k ) > δ 1 and
for all k ∈ K. Since the iterations k ∈ K are successful, we have r k η for all k ∈ K. On the other hand, by the definition of M k , there exists an M > 0 such that M k M for all k ∈ K. Therefore we have
for all k ∈ K. Since the function value sequence {Ψ(w k )} decreases monotonically and is bounded below from zero, it is convergent. From (9) we have
This implies p k → +∞, a contradiction to Lemma 3.2.
By Lemma 2.3 and Theorem 3.1 we know that if M N
T is copositive on 0 + P, then every accumulation point of the sequence generated by Algorithm 3.1 is a solution of the XLCP.
Local convergence rate
In this section we will analyze the local convergence of Algorithm 3.1. We first prove the nonsingularity of the Jacobian of Φ(w) at a solution of the XLCP.
Now assume that there exists a vector q = (q (1) , q (2) , q (3) ) such that
Then we have
By (10), (11) we have
is positive semidefinite and AM N T A T is positive definite, (13) implies that q (2) = 0 and therefore q (3) = 0 is obtained immediately from (13) . Now (10), (11) become
B1 denote the |B 1 | dimension subvector of q (1) consisting of the components
Similarly, we can define the subvector and submatrix associated with the set B 2 . Then from (14) we obtain that
This shows that the Jacobian Φ ′ (w ⋆ ) is nonsingular.
Numerical tests
In this section we test our algorithm on some typical test problems. The program code was written in MATLAB and run in MATLAB 7.1 environment. The test problems are LCP problems, i.e., N is an identity matrix and P is a singleton, which means we find x ∈ Ê n , y ∈ Ê n such that
where q ∈ Ê n . The parameters are chosen as η = 0.1, c = 0.5. The stop criterion is ∇Ψ(w k ) < ε or Φ(w k ) < ε with ε = 10 −5 . We compare our algorithm with the traditional trust region algorithm, where for the latter, we used some different initial trust region radii ∆ 0 = 0.01, 0.1, 10 respectively. The test results are summarized in Tab. 1, where we use No. to denote the number of our problems, Size denotes the size of our test problems, n t denotes the number of the iterations, time denotes the CPU time used when the iteration is stopped. We also stop the execution when 5000 iterations were completed without achieving convergence and denote this situation by * . In the last row, we use AV to denote the average iteration for all test problems.
From Tab. 1 we see that our algorithm can solve these problems efficiently. Compared with the traditional algorithm, our algorithm is more efficient for problems 2, 9 and 10. For the others, although there exists a ∆ 0 such that the traditional algorithm is more efficient, the ∆ 0 is different for different problems, which shows that the traditional algorithm depends on the initial trust region radius. At last, from the average iteration for all test problems we see that our algorithm is the most efficient choice. The test problems are introduced as follows (see also [31] ): 
Conclusion
In this paper we consider a self-adaptive trust region method for the extended linear complementarity problem. Under certain conditions, the global and local convergence are obtained. The novelty of our algorithm is that the trust region radius can be adjusted automatically according to the objective function; thus we can avoid choosing the initial trust region radius blindly. From the numerical tests we can see the efficiency of the proposed algorithm. How to obtain the local convergence result without the strictly complementarity assumption deserves further study.
